ABSTRACT. Topological measures and deficient topological measures generalize Borel measures and correspond to certain non-linear functionals. We study integration with respect to deficient topological measures on locally compact spaces. Such an integration over sets yields a new deficient topological measure if we integrate a nonnegative vanishing at infinity function; and it produces a signed deficient topological measure if we use a continuous function on a compact space. We present many properties of these resulting deficient topological measures and of signed deficient topological measures. In particular, they are absolutely continuous with respect to the original deficient topological measure and Lipschitz continuous. Deficient topological measures obtained by integration over sets can also be obtained from non-linear functionals. We show that for a deficient topological measure µ that assumes finitely many values, there is a function f such that X f dµ = 0, but X (−f ) dµ = 0. We present different criteria for X f dµ = 0. We also prove some convergence results, including a Monotone convergence theorem.
INTRODUCTION
Topological measures (initially called quasi-measures) were introduced by J.
F. Aarnes in [1] , [2] , and [3] . These generalizations of measures are defined on open and closed subsets of a topological space. Despite the lack of an algebraic structure on the domain, absence of subadditivity, and unavailability of many standard techniques of measure theory and functional analysis, topological measures still possess many features of regular Borel measures. Via integration, topological measures correspond to functionals that are not linear, but are linear on singly generated subalgebras. Topological measures and corresponding quasi-linear functionals are connected to the problem of linearity of the expectational functional on the algebra of observables in quantum mechanics. Initial papers by Aarnes were followed by many papers devoted to the subject. Applications of topological measures and corresponding non-linear functionals to symplectic topology have been studied in numerous papers beginning with [13] (which has been cited over 100 times), and in a monograph [15] .
Topological measures are a subclass of deficient topological measures, which also correspond via integration to certain non-linear functionals. (See, for example, [14] , [17] , [18] , [7] , and [9] for more information). Deficient topological measures are not only interesting by themselves, but also provide an essential framework for studying topological measures and various non-linear functionals. This provided a motivation for our study of integration with respect to deficient topological measures on locally compact spaces, especially given the fact that the vast majority of results so far has been proven for compact spaces (which has impeded the development of the area and its applications). We demonstrate that integration with respect to a deficient topological measure sometimes gives the same results as integration with respect to a measure would give; in other instances, the results are very different. Some of our results are new, and some are generalizations of known results about deficient topological measure on compact spaces to signed deficient topological measures on compact spaces and /or deficient topological measures on locally compact spaces. (See [10] and [11] for more information about signed deficient topological measures.)
We begin (Section 2) with the study of integration with respect to a deficient topological measure over a set. It is done by using "restricted" deficient topological measures. Integration over sets yields a new deficient topological measure if we integrate a nonnegative vanishing at infinity function; and it produces a signed deficient topological measure if we use a continuous function on a compact space.
We present many properties of these resulting deficient topological measures and of signed deficient topological measures. In particular, these resulting (signed) deficient topological measures are absolutely continuous with respect to the original deficient topological measure, and they are Lipschitz continuous. In Section nite deficient topological measures by integrating over sets can also be obtained from non-linear functionals. We present more properties of such deficient topological measures. In Section 4 we show that for a deficient topological measure µ that assumes finitely many values, there is f ≥ 0 such that X f dµ = 0, but X (−f ) dµ = 0. Using integration over zero and cozero sets, we present different criteria for X f dµ = 0. We conclude the paper (Section 5) with some convergence results, including a Monotone convergence theorem.
In this paper X is a locally compact, connected space.
By C(X) we denote the set of all real-valued continuous functions on X with the uniform norm, by C b (X) the set of bounded continuous functions on X, by C 0 (X) the set of continuous functions on X vanishing at infinity, and by C c (X) the set of continuous functions with compact support. By C + 0 (X) and C + c (X) we denote the collection of all nonnegative functions from C 0 (X) and C c (X), respectively. Z(f ) and Coz(f ) stand for the zero and the cozero sets of the function f , i.e. Z(f ) = {x ∈ X : f (x) = 0}, Coz(f ) = X \ Z(f ).
When we consider maps into [−∞, ∞] we assume that any such map attains at most one of ∞, −∞, and is not identically ∞ or −∞.
We denote by E the closure of a set E, and by a union of disjoint sets. We denote by 1 the constant function 1(x) = 1, by id the identity function id(x) = x, and by 1 K the characteristic function of a set K. By supp f we mean {x : f (x) = 0}.
Several collections of sets are used often. They include: O(X); C (X); and K (X)-the collection of open subsets of X; the collection of closed subsets of X; and the collection of compact subsets of X, respectively. Definition 1. Let X be a topological space and ν be a set function on a family of subsets of X that contains O(X) ∪ C (X). We say that
• ν is simple if it only assumes values 0 and 1;
• a nonnegative set-function ν is finite if ν(X) < ∞. 
Then there exists a set V ∈ O(X) with compact closure such that
Definition 4. A deficient topological measure on a locally compact space X is a set function ν :
which is finitely additive on compact sets, inner compact regular, and outer regular, i.e. : 
The following two theorems from [7, Section 4] give criteria for a deficient topological measure to be a topological measure or a measure.
Theorem 6.
(I) Let X be compact, and ν a deficient topological measure.
The following are equivalent:
(II) Let X be locally compact, and ν a deficient topological measure. The following are equivalent:
Theorem 7. Let µ be a deficient topological measure on a locally compact space X. The following are equivalent: 
, and also τ -smooth on open sets (i.e. if a net U α ր U , where
A deficient topological measure ν is also superadditive, i.e. if t∈T A t ⊆ A,
, and at most one of the closed sets (if there are any)
is not compact, then ν(A) ≥ t∈T ν(A t ).
If F ∈ C (X) and C ∈ K (X) are disjoint, then ν(F ) + ν(C) = ν(F ⊔ C).
One may consult [7] for more properties of deficient topological measures on locally compact spaces.
Definition 9.
A signed deficient topological measure on a locally compact space X is a set function ν :
that assumes at most one of ∞, −∞ and that is finitely additive on compact sets, inner compact regular on open sets, and outer regular on closed sets, i.e.
Remark 10. In condition (SDTM2) we mean the limit of the net ν(C) with the index set {C ∈ K (X) : C ⊆ U } ordered by inclusion. The limit exists and is equal to ν(U ). Condition (SDTM3) is interpreted in a similar way, with the index set being {U ∈ O(X) : U ⊇ C} ordered by reverse inclusion.
Remark 11. Since we consider set-functions that are not identically ∞ or −∞, we see that for a signed deficient topological measure ν(∅) = 0. If ν and µ are (signed) deficient topological measures that agree on K (X) (or on O(X)) then
Remark 12. For a signed deficient topological measure ν we may define its total variation, a deficient topological measure |ν|, by
for an open set U , and for a closed subset
See [7, Sections 2, 3] for detail.
If µ is a deficient topological measure then µ = µ(X). Let µ be a deficient topological measure, and ν be a signed deficient topological measure. We say that ν is absolutely continuous with respect to µ (and we write
Definition 15. A signed topological measure on a locally compact space X is a set
that assumes at most one of ∞, −∞ and satisfies the following conditions:
Remark 16. Definition 9 was first introduced in [10] . Any deficient topological measure (topological measure, signed topological measure) is a signed deficient topological measure.
Remark 17.
There is a correspondence between deficient topological measures and certain non-linear functionals, see [9, Section 8] . In particular, there is an order-preserving isomorphism between compact-finite topological measures on X and quasi-integrals on C c (X), and µ is a measure iff the corresponding functional is linear (see Theorem 42 in Section 4 of [8] and Theorem 3.9 in [16] for the first version of the representation theorem.) We outline the correspondence.
(I) Given a finite deficient topological measure µ on a locally compact space X and f ∈ C b (X), define functions on R:
Let r be the Lebesque-Stieltjes measure associated with −R 1 , a regular
Borel measure on R. We define a functional on C 0 (X):
where [a, b] is any interval containing f (X). If f is nonnegative with
We call the functional R a quasi-integral (with respect to a deficient topological measure µ) and write:
(II) Functional R is non-linear. By [9, Lemma 7.7, Lemma 7.10, Lemma 3.6, Lemma 7.12] we have:
(a) R(f ) is positive-homogeneous, i.e. R(cf ) = cR(f ) for c ≥ 0, and 
In particular, we may take functional R on C + 0 (X). The corresponding deficient topological measure µ = µ ρ is given as follows: If given a finite deficient topological measure µ, we obtain R, and then µ R , then
Definition 18. Let X be locally compact. A functional ρ on C 0 (X) is Lipschitz continuous if for every compact K ⊆ X there exists a number N K such that
The proof of the following theorem can be found, for example, in [5] , §7.2.6. 
Proof. Suppose g γ is bounded above by M > 0. Then g α ≤ M for all α ≥ γ. Theorem 22. Let µ be a deficient topological measure on a locally compact space
Consider functions
Then µ V is a deficient topological measure on X.
Theorem 23. Let X be locally compact, and let F ⊆ C (X). There exists a deficient topological measure µ F on X such that
The next theorem states some properties of "restricted" deficient topological measures µ V and µ F , given by Theorem 22 and Theorem 23. 
is compact then the equality holds for every C ∈ C (X).
(v2) Follows from Theorem 23 and the following result from [7, Section 5] .
Lemma 25. Let X be locally compact, µ be a deficient topological measure on X, and F ∈ C (X). Then for any C ∈ K (X)
where µ V is a deficient topological measure on X from Theorem 22. If (4) holds for any C ∈ C (X).
(v3) By Remark 11 it is enough to check the equality on compact sets (or open sets). The argument is easy and left to the reader.
The statement then follows from Remark 11.
(v5) Arguing as in part (v4) we see that
, and by part (v2)
(v6) The argument is similar to one for part (v4).
(v7) Easy to see from Theorem 22 and Theorem 23.
Definition 26. Suppose X is locally compact, µ is a deficient topological measure on X, and A ∈ O(X) ∪ C (X) is such that µ(A) < ∞. In particular, for a finite deficient topological measure µ on X, we take A ∈ O(X) ∪ C (X). Let µ A be a deficient topological measure given by Theorem 22 or Theorem 23. We define the the quasi-integral (with respect to a deficient topological measure µ) of a function g ∈ C b (X) over a set A with µ(A) < ∞ to be the functional R µ A (g) as in formula (3) (where we use a deficient topological measure µ A ) and we write:
Remark 27. If A = X we have the usual R µ (g). If µ is a measure, we obtain the standard integral A g dµ over a set A . To evaluate R µ A (g) we may use formulas 
, and µ(E) < ∞, we may use:
where, for example,
If
, we may rewrite ( 6 ) as:
Lemma 28. Let X be locally compact, µ be a deficient topological measure on X, and g ∈ C b (X). We have:
is right-continuous (see [9, Lemma 6.3] ), nonincreasing, so by Remark 20 it is lower-semicontinuous. 
Note that 0 ≤ R 1,µ V ,g (t) ≤ µ(V ). Apply formula (6) and Theorem 19 to obtain the statement.
(ii) Since µ(F ) < ∞, there exists U ∈ O(X) such that F ⊆ U, µ(U ) < ∞,
(use [9, Lemma 6.3]), nonincreasing, and bounded. The assumptions as-
dered by reverse inclusion) is nonincreasing, and by part (v2) of Theorem
Applying formula (6) and Corollary 21 we obtain the statement. 
topological measure, and ν g = µ g .
Proof.
(a) Consider a set function λ on K (X) given by λ(K) = K g dµ. By part (v3) of Lemma 24 λ is finitely additive on K (X). We take µ g to be the positive variation λ + of λ, so µ g is a deficient topological measure (see [7, Section 3] ). By definition of λ + and Lemma 28 we see that µ g (A) = A g dµ for every A ∈ O(X) ∪ C (X) with µ(A) < ∞. For any K ∈ K (X) using part (II) of Remark 17 and part (v7) of Theorem 24 we have:
and we see that µ g is compact finite.
Now suppose E ⊔ D = F , where E, D, F ∈ C (X) and µ(F ) < ∞.
and all sets are compact. Since µ is finitely additive on compact sets, we see that
(b) From part (v3) of Theorem 24 and Lemma 28 we see that ν g is a signed deficient topological measure. As in (10),
The next example shows that by Theorem 29 we can obtain a signed deficient topological measure. 
) is a closed solid set with µ(K ∩ g −1 ([t, ∞))) = 0, and so
By formula (6) we see that ν g (K) = −4µ(K) = −4. Thus, ν g is a signed deficient topological measure. Note also that
Now we shall show that ν g is not a signed topological measure. Let C ∈ K (X)
be the closed triangle with vertices (−4, 0), (−2, 4), and (0, 0), and let U, V be the connected components of X \ C. Triangles U, V are open solid sets. Since ∞) ), and ∞) ) are open solid sets with at most one of points p, q, s for each t > 0, by formula (6) we calculate ν g (U ) = ν g (V ) = 0, ν g (X) = −4. For each
is not solid, but its complement consists of two disjoint open solid sets which we call U t and V t , and µ(U t ) = 1, µ(V t ) = 0.
, we see that ν g is not a signed topological measure.
Remark 31. If in Theorem 29 µ is a measure, then it is easy to see that ν g is a signed measure, which is a measure if g ≥ 0. However, the next example shows that if µ is a topological measure, then µ g may not be a a topological measure. that R 1,µ,g (t) = 1 for 0 < t < 1, and R 1,µ,g (t) = 0 for 1 ≤ t ≤ 2. Then
) is a compact solid set, and V ∩ g −1 ((t, ∞)) is a bounded open solid set. Note that R 2,µ K ,g (t) = µ(K ∩ g −1 ([t, ∞))) = 0, and R 1,µ V ,g (t) = 0 for each t > 0. Thus, µ g (K) = µ g (V ) = 0. It follows that µ g is not a topological measure.
When µ is a topological measure, µ g may not be a topological measure even for a strictly positive function g. Let X = [1, 3] × [0, 1]. Let µ be the "parliamentry" simple topological measure based on points p = (2, 0), q = (1, 1), and s = (3, 1).
Let g(x, y) = x, so g > 0 and g(X) = [1, 3] . Let K be the triangle with vertices (1, 1), (1, 0), (3, 0) and let V = X \ K. So K ∈ K (X), V ∈ O(X), X = K ⊔ V , and µ(K) = 1, µ(V ) = 0, µ(X) = 1. Note that for t ∈ (1, 3] the set ∞) ) is a closed solid set containing at most one of the points p, q, s, and so R 2,µ K ,g (t) = µ(K ∩ g −1 ([t, ∞))) = 0. Similarly, R 1,µ V ,g (t) = 0 for t ∈ (1, 3] . Using formula (6) we see that µ g (V ) = 0 and µ g (K) = 1. By formula (1) we also have µ g (X) = 2, since R 2,µ,g (t) = 1 if t ∈ [1, 2], and R 2,µ,g (t) = 0 if t > 2. Thus, µ g can not be a topological measure. 
In particular, Hence, µ g ≪ µ (respectively, ν g ≪ µ).
If X is compact, g, h ∈ C(X) we also have:
(b1) Since ag ∈ C + 0 (X), we may define the deficient topological measure µ ag . By Remark 11 it is enough to show that aµ g = µ ag on K (X).
Let K ∈ K (X). By formula (5) and part (II) of Remark 17 we have:
The argument for ν g is the same. 
The proof for ν g is the same.
(b3) By Remark 11 it is enough to check that µ g ≤ µ h (or ν g ≤ ν h ) on K (X), which easily follows from part (II) of Remark 17.
, and the statement follows.
(b5) If F ∈ C (X) and g = h on F then R 2,µ F ,g (t) = R 2,µ F ,h (t) for every
we see that µ g (A) = µ h (A) for A = F or A = U . For ν g we apply a similar argument using formula (6).
(b6) Let K ∈ K (X). Using [9, Lemma 7.12(z8)] and part (v7) of Theorem 24 we have:
(b7) Follows from formula (11).
(b8) Follows from part (b7) and regularity of µ.
(b9) It is enough to check that µ g (K) = cλ g (K) + dδ g (K) (respectively,
, which follows easily from formula (8) (respectively, from (6)). (b13) Let P = Cozg. Since R 1,µ P ,g (t) = R 1,µ X ,g (t) for all t ≥ 0, by formula (8) we have µ g (P ) = R µ P (g) = R µ X (g) = µ g (X).
(b14) Follows from (12) .
(i) It is enough to show that ν g+c = ν g + cµ on K (X); the other statement then will follow from part (b1). For K ∈ K (X) by [9, Lemma 7.12(i)]
and part (v7) of Theorem 24 we have:
(ii) Suppose first 0 ≤ g ≤ c, g = c on supp h. We need to check that ν g+h = 
For the general case g ≤ c, g = c on supp h choose constant b ≥ 0 such that 0 ≤ g + b ≤ c + b on supp h. For any K ∈ K (X) we have:
(iii) Using [9, Lemma 7.12(ii), ] and part (v7) of Theorem 24, as in part (b6) we obtain the statement. Theorem 35. Suppose X is locally compact and g ∈ C + 0 (X), or X is compact and g ∈ C(X). Suppose µ is a compact-finite topological measure on X. Suppose
If a < t < p then D ⊆ g −1 ((t, ∞)), and so g −1 ((t, ∞) 
Using also (6) and (11) we obtain:
The statement now follows.
All other possible cases are proved similarly. For example, if D ⊔V = C, where
Remark 36. Theorem 35 says that for a deficient topological measure µ g or a signed deficient topological measures ν g obtained in Theorem 29 we have for any open U and any compact K ⊆ U . Example 32 shows that even when µ is a finitely defined simple topological measure and g is strictly positive, µ g may not be a topological measure. This is a contrast to the situation with measures (see part (b12) of Theorem 33). Inequality (14) is what we can say in general.
Using Theorem 7, we can also say, that, unless m g is a measure, any inequality that estimates µ g (A ⊔ B) above using µ g (A) and µ g (B) (like (inequality 14)) must have the form µ g (A⊔B) ≤ µ g (A)+µ g (B)+µ(A⊔B)+δ(A, B) with δ(A, B) > 0 for some A, B ∈ O(X) or A, B ∈ K (X).
INTEGRALS OVER A SET VIA FUNCTIONALS
In this section we present another interpretation of the deficient topological measure µ g given by Theorem 29 in the case where µ is finite.
Let X be locally compact. Let µ be a finite deficient topological measure on X with the corresponding functional ρ = R µ according to part (I) of Remark 17. Let
Definition 37. Let µ g be the deficient topological measure corresponding to ρ g by part (III) of Remark 17.
Remark 38. By part (III) of Remark 17
Remark 39. If µ is a regular Borel measure, it is easy to see that
In the next theorem we will show that the equality µ g (A) = A g dµ also holds when µ is a finite deficient topological measure. 
Proof.
It is enough to show that
where R 2,µ K ,g (t) is given by formula (7). Take any f ∈ C c (X) such that
contains the ranges of functions g and gf . By formula (2)
Now we shall show the opposite inequality. By Lemma 3 choose U, V ∈ O(X)
∃V with C = V , K ⊆ V ⊆ C ⊆ U }. K is a directed set with respect to inverse inclusion and C∈K C = K. Let C ∈ K. Let f be the Urysohn function such
Each function R 2,µ C ,g is bounded above by µ(U ) < ∞. Also, R 2,µ C ,g is leftcontinuous on [0, b] (where left-continuity of R 2,µ C ,g (t) for t > 0 follows from τ -smoothness on compact sets in Remark 8). By Corollary 21
We can say more about the values of the deficient topological measure µ g using the measure n r on X given by [9, Definition 7.15 
]:
Theorem 41. Suppose µ is a finite deficient topological measure on a locally com-
(ii) µ g (Kerg) = Kerg g dn r = 0, and µ g (E) = E g dn r = 0 for E = (v) If X is compact then µ is a topological measure on X iff µ g (E) = E g dn r for any g ∈ C + (X) and E = g −1 (C) for any closed C ⊆ R.
Proof.
(
. Set the measure p to be the restriction of the measure n r to D. Then D g dn r = X g dp = b 0 F (t)dt, where F is the distribution function for the measure p • g −1 defined by
For t > 0 using [9, Lemma 7.17] we have:
.
(iii) Let A ⊆ R \ {0} be closed or open and E = g −1 (A). The argument as in the proof of part (i), where by [9, Lemma 7.17(iii) ] inequalities become equalities, shows that µ g (E) = E g dn r . We are only left to consider the case µ r (U ), where
Together with part (i) this gives µ g (U ) = U g dn r .
(iv) The argument is essentially the same as the one for part (i), where by [9, Lemma 7.17(iv)] inequalities become equalities. For example, for D we
, and then
(Note that when g ≥ 0, one may also use the argument from [18, Theorem 20] .) (v) The proof is basically one from [18, Theorem 20] and is given here for completeness. Let Z ⊆ X be a zero set. Say, Z = f −1 (0). We may
Using formula (11) and part (iv)
we have:
It follows that µ(X) ≤ µ(Z) + µ(U ) = µ(Z) + µ(X \ Z). Every locally compact space is completely regular, and so the family of all zero sets is a base for closed sets. From Remark 8 it follows that µ(X) ≤ µ(C) + µ(X \ C) for any closed set C, and by Theorem 6 µ is a topological measure.
INTEGRATION OVER ZERO AND COZERO SETS
Integration with respect to a deficient topological measure sometimes gives the same results as integration with respect to a measure would give. For example, we have the following lemma:
Lemma 42. Supppose X is locally compact, µ is a deficient topological measure
, using formula (6) we see that V f dµ = 0. For C ∈ C (X), µ(C) = 0 we may apply a similar argument using formula (6) and the fact that R 2,µ C ,f (t) = 0.
Integration with respect to a deficient topological measure sometimes is also (See [7, Section 6] 
. By formula (3) we have:
Since R 2,µ,g (t) = 0 for every t > 0, we have
Thus,
Theorem 44. Suppose X is locally compact, µ is a deficient topological measure
f dµ,
In particular, for a finite µ we have X f dµ = Coz(f ) f dµ, and
In particular, if µ is finite and µ(Z(f )) = µ(X), then X f dµ = 0.
In particular,
Proof.
so from (7) and ( 8) we see that
Since the integrand in the second integral is nonnegative, using the right-continuity of R 1,µ V ,f (t) (see [9, Lemma 6 .3]), we must have µ(V ∩ Coz(f )) = R 1,µ V ,f (0) = 0. On the other hand, if µ(V ∩Coz(f )) = 0, then R 1,µ V ,f (t) = 0 for every t > 0, and by formula (6) V f dµ = 0.
Using part (v7) of Theorem 24 and superadditivity (see Remark 8), we
, and so we must have
we have: µ V (W ) = 0. Since f −1 ((t, ∞)) ∩ Z(f ) = ∅ for t ≥ 0 and (f −1 (t, ∞)) ∩ Z(f ) = Z(f ) for t < 0, we see that f −1 ((t, ∞)) = W if t ≥ 0, and f −1 ((t, ∞)) = Z(f ) ⊔ W if t < 0. Then R 1,µ V ,f (t) = µ V (W ) = 0 for t ≥ 0 and R 1,µ V ,f (t) = µ V (f −1 ((t, ∞))) ≥ µ V (Z(f ))+ µ V (W ) = µ V (Z(f )) = µ(V ) for t < 0. Since also R 1,µ V ,f (t) ≤ µ(V ), we have R 1,µ V ,f (t) = µ(V ) for t < 0. Then Proof. Suppose that µ is a deficient topological measure, but not a topological measure and that µ assumes finitely many values. By Theorem 6 there are U ∈ O(X) and C ∈ K (X), C ⊆ U such that µ(C) + µ(U \ C) < µ(U ). We may assume that U is compact. (Otherwise, choose by regularity compact D ⊆ U with µ(D) = µ(U ), then using regularity and Lemma 3 choose U 1 ∈ O(X) such that U 1 ∈ K (X), D ⊆ U 1 ⊆ U, and µ(U 1 ) = µ(D) = µ(U ). Then µ(C) + µ(U 1 \ C) ≤ µ(C) + µ(U \ C) < µ(U ) = µ(U 1 ), and we replace U by 
Proof.
(I) Since f ∈ C b (X), we may consider f dµ. For any t, f −1 α ((t, ∞)) ր f −1 ((t, ∞)), so by Remark 8 µ(f −1 α ((t, ∞))) → µ(f −1 ((t, ∞))). i.e. (II) The proof is similar. Note that for any t > 0 the set f −1 α ([t, ∞)) is compact, f −1 α ([t, ∞)) ց f −1 ([t, ∞)), and we may again apply Remark 8.
Theorem 49. Let µ be a compact-finite deficient topological measure on a locally compact space X. Suppose f α converges uniformly to f , f α , f ∈ C c (X), f α ≥ 0.
If supp f α , supp f ⊆ K for some compact K, then X f α dµ −→ X f dµ. If X is compact, f α ∈ C(X) and f α converges uniformly to f then X f α dµ −→ X f dµ.
Proof. Follows from parts (b6) and (iii) of Theorem 33.
